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Theoretical analyses of mass/heat transfer from a neutrally buoyant particle in simple
shear flow indicate that mass/heat must diffuse across a region of closed streamlines of finite
thickness at zero Reynolds number, whereas spiraling streamlines allow the formation of a
thin mass transfer boundary layer at small but non-zero Reynolds numbers (Subramanian and
Koch, Phys Rev Lett. 2006;96:134503; Subramanian and Koch, Phys Fluids. 2006;18:
073302). This article presents the first numerical results for mass/heat transfer at finite Reyn-
olds and Peclet numbers. The simulations indicate that fluid particles in the flow-gradient
plane spiral away from the particle for Reynolds numbers smaller than about 2.5 while they
spiral toward the particle for higher Reynolds numbers. Solutions of the Navier-Stokes equa-
tions coupled with a boundary layer analysis of mass transfer yield predictions for the rate of
mass transfer at asymptotically large Peclet numbers and Reynolds numbers up to 10. Simula-
tions of mass transfer for zero Reynolds number and finite Peclet numbers confirm Acrivos’
(Acrivos, J Fluid Mech. 1971;46:233–240) prediction that the Nusselt number approaches a fi-
nite value with increasing Peclet number. Simulations at finite Reynolds numbers and Peclet
numbers up to 10,000 confirm the theoretical predictions for the concentration gradient at the
particle surface at angular positions away from the flow-gradient plane. However, the wake
near the flow-gradient plane remains too large at this Peclet number to yield a quantitative
agreement of the overall rate of mass transfer with the theory for asymptotically large Peclet
number. VVC 2010 American Institute of Chemical Engineers AIChE J, 57: 1419–1433, 2011
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Introduction

Asymptotic analyses for small Reynolds numbers and high
Peclet numbers1,2 indicate that fluid inertia alters the topol-
ogy of the fluid motion around a neutrally buoyant particle
in a simple shear flow, greatly enhancing the rate of mass
and heat transfer. At zero Reynolds number, a region of
closed streamlines envelops the particle and scalar tracers
must diffuse across this region to escape the particle. This
leads to a Nusselt number that approaches a constant at high
Peclet number.3 At small but nonzero Reynolds numbers,
Subramanian and Koch1,2 showed that the streamlines in the
flow-gradient plane spiral away from the particle allowing
the formation of a thin boundary layer and a Nusselt number
that grows indefinitely with increasing Peclet number. While
these results are intriguing, they have been derived only in a
dual asymptotic limit. The purpose of the present study is to
use numerical solutions of the Navier-Stokes and advection-
diffusion equations to extend our understanding of mass and
heat transfer from neutrally buoyant spheres in shear flow to
finite Reynolds and Peclet numbers.

Most previous studies on the mass/heat transfer from solid
particles, drops, and bubbles have considered the fluid
motion driven by a relative translation between the particle
and surrounding fluid as would occur if the particle is set-
tling in a quiescent fluid.4–9 Such a flow involves open
streamlines near the particle surface at all particle Reynolds
numbers. At high Peclet numbers, the concentration disturb-
ance due to a particle acting as a source of mass is confined
to a thin boundary layer and a wake behind the sphere lead-
ing to a rapid rate of mass transfer. For example, Acrivos
and Goddard6 showed that the mass transfer rate at low
Reynolds number is given by Nu ¼ 1:25 Pe

1=3
U þ 0:99, where

the Nusselt number is Nu ¼ ka/D, the Peclet number based
on the relative velocity U between the particle and fluid is
PeU ¼ Ua/D, the mass transfer coefficient is k, the diffusiv-
ity of the tracer is D, and the sphere radius is a. Numerical
simulations confirm the Pe

1=3
U scaling and show that it

extends to finite Reynolds numbers. For zero Reynolds num-
ber and 10 \ PeU \ 2000, the best fit to the simulations
gives Nu ¼ 1.29 Pe

1=3
U þ 0.98 close to the prediction from

the boundary layer theory. Simulations have also incorpo-
rated transient effects, fluid–fluid interfaces and non-spheri-
cal particles.5,10–12 Recently for example, Li et al.10 used a
finite-volume method with the SIMPLE algorithm to study
the transport characteristics to or from spheroidal bubbles
and solids immersed in a two-dimensional axisymmetric
flow field and characterized the transfer rate as a function of
Reynolds and Schmidt numbers and geometric parameters.

The fluid motion relative to a spherical particle can be
dominated by shear when the density difference between the
particle and fluid are small (e.g., biological cells), the shear
rate is high and the particle size small (slurry reactors and

microfluidic handling of colloids), or the fluid viscosity is
high (emulsion polymerization). When the imposed flow is
nearly unidirectional and the length scale of the macroscale
flow is large compared with the particle size, then the local
flow seen by the particle can be approximated as a simple
shear flow. It is this situation that is the focus of the present
article. The relevant Reynolds numbers Re and Peclet num-
bers Pe are those based on the shear rate of the fluid, i.e.,
Re ¼ _c a2

�
m and Pe ¼ _c a2

�
D (or Pe ¼ _ca2

�
a for heat trans-

fer). Here, _c is the velocity gradient of the imposed flow
which is given in Cartesian coordinates by u1 ¼ ð _cy; 0; 0Þ, m
is the kinematic viscosity of the fluid, and a is the thermal
diffusivity. We will consider the situation in which Re is in
the range 0–10, while the Peclet number can be as large as
10,000. This implies that we require the Prandtl number Pr
¼ m/a or Schmidt number Sc ¼ m/D to be large. The Prandtl
number is large in highly viscous fluids whereas the Schmidt
number is on the order of 104 even for small diffusing tracer
molecules in aqueous solutions.

Batchelor13 studied the rate of mass transfer from a neu-
trally buoyant particle in a three-dimensional linear flow
field at Re ¼ 0 to determine the mass transfer from sub-Kol-
mogorov particles in an isotropic turbulent flow. He argued
that the rotation of the particle and fluid near the particle
surface caused the particle to have a concentration field that
was nearly independent of the azimuthal angle in a spherical
coordinate system whose axis was aligned with the vorticity
axis. In this way, he reduced the problem of mass transfer in
a three-dimensional linear flow to that due to an axisymmet-
ric extensional flow based on the extension rate along the
vorticity axis. The open streamlines of this flow yield a thin
boundary layer and a Nusselt number that grows in propor-
tion to Pe1/3 at high Peclet number. Batchelor’s analysis,
however, does not apply to two-dimensional linear flows
including simple shear flow.

At zero Reynolds number, a neutrally buoyant particle in
simple shear flow is surrounded by a region of closed
streamlines. At high Peclet number, the concentration along
each streamline is a constant but it is not equal to the con-
centration of the fluid far from the sphere. Acrivos3 solved
for the diffusive flux across streamlines and thereby found
the rate of heat transfer for Re ¼ 0 and Pe � 1 to be Nu
� 4.5. The finite value of the Nusselt number in the limit of
high Peclet number reflects the diffusive resistance of a
region of closed streamlines of finite thickness. We will per-
form numerical simulations of mass transfer at Re ¼ 0 and
finite Pe and thereby observe the approach of the Nusselt
number to this limiting value with increasing Pe.

Peery14 performed a regular perturbation analysis to deter-
mine the first, O(Re) effects of fluid inertia on the fluid ve-
locity field around a sphere in simple shear flow. However,
it was only 40 years later that Subramanian and Koch2

showed that the broken symmetry resulting from the inertial
velocity field made streamlines near the sphere become
opening, instead of the closed configurations at Re ¼ 0. For
Re � 1 but Re = 0, centrifugal forces cause fluid particles
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in the flow-gradient plane to spiral away from the solid par-
ticle. The fluid flux required to compensate for this outward
flow is drawn inward toward the sphere along the vorticity
axis. A thin boundary layer is formed leading to an
unbounded growth of the Nusselt number at high Peclet
number, i.e., Nu ¼ ð0:325� 0:126Re1=2Þ ðRePeÞ1=3 þ Oð1Þ
for Re � 1 and Pe Re � 1. In the present article, we will
extend this boundary layer analysis to finite Re. We will also
assess the accuracy of the analysis at large but finite Pe.

Most previous numerical simulation studies of particles in
shear flow have focused on the lift force or migration veloc-
ity resulting from the coupling of shear and particle rotation
with a relative translation of the particle and fluid or a quad-
ratic component of the flow.15–19 However, Mikulencak and
Morris20 used a finite element method to simulate the fluid
flow around a neutrally buoyant sphere in simple shear flow
at finite Reynolds numbers and determined the particle’s
contribution to the stress and the particle rotation rate. Com-
parisons with this study will help to validate the present nu-
merical solutions. Our calculations for the particle stresslet
can also be compared with asymptotic analysis for small, but
nonzero, Reynolds numbers (Subramanian et al., submitted;
Stone et al., Personal communication).21

In this article, we use a finite volume numerical method to
determine the fluid velocity and chemical tracer concentra-
tion fields around a neutrally buoyant particle in simple
shear flow at finite values of the Reynolds and Peclet num-
bers. Section 2 describes the numerical methods. In Section
3, we present results for the fluid velocity field and the parti-
cle stresslet making comparisons with previous asymptotic
and numerical analyses. In Section 4, the fluid velocity
derivatives at the particle surface determined from the flow
simulation are used as the basis of a boundary layer theory
valid for Pe � 1 and Re ¼ 0(1). Finally, in Section 5, we
present results of numerical solutions of the advection-diffu-
sion equation for the tracer concentration field and the rate
of mass transfer in Stokes flows as well as finite Reynolds
number flows.

Scheme of Numerical Simulation

In this study, a finite difference method is adopted to
solve the Navier-Stokes equations for the flow field around a
torque-free neutrally buoyant sphere. The computational do-
main in a three-dimensional spherical coordinate system (r,
h, /), whose origin is at the center of the sphere, is a � r �
R, 0 � h � p, and 0 � / � 2p for the two-phase flow and
mass/heat transfer from a neutrally buoyant sphere at finite
Reynolds number in simple shear flow, where R is the size
of the outer boundary in the radial direction. All the govern-
ing equations of the flow and mass transfer are discretized
on a staggered grid, which is uniform in the azimuthal (/)
and polar (h) directions, but nonuniform in the radial (r)
direction. In practice, 10–20 nodes of the grid near the
sphere in the radial (r) direction are set to be tight and uni-
form since the velocity and the concentration vary more rap-
idly in this region, but after that an exponential relation,
rðnþ 1Þ ¼ rðnÞena, is applied to determine the positions of
nodes away from the sphere, where r(n) denotes the nth
node away from the sphere in the radial direction and a is a
small constant that can be used to adjust the grid spacing.

For the computation of the fluid field around a neutrally
buoyant sphere, the control volume formulation with the
SIMPLE algorithm22 is adopted to solve the shear flow at fi-
nite Reynolds number, and the velocities at h ¼ 0 and p are
taken to be azimuthal averages of second-order Adams-Bash-
forth extrapolations.19 The effect of grid resolution on the
predicted rotation rate and stresslet for a sphere at different
Re was tested to ensure the accuracy of the results. One fea-
ture that makes this computation challenging even at small
Re is that the outer boundary must be larger than the length
scale aRe�1=2 on which the inertial and viscous terms are
comparable. While the first, O(Re), correction to the fluid
velocity field and stresslet and the O(RePe)1/3 contribution to
the Nusselt number result from a regular perturbation to the
Stokes velocity field, the O(Re3/2) contributions to the fluid
velocity and stresslet and the O(Re5/6Pe1/3) contribution to
the Nusselt number arise from terms in the inner region near
the sphere driven by matching with the outer, inertial region.
We have tested the grid refinement for nearly all calculated
particle Reynolds numbers to ensure sufficient spatial com-
putational accuracy. For example, under the condition that
the smallest grid size in the radial direction, Dr, is 0.0025a,
we applied various nonuniform grids of 60ðrÞ � 30ðhÞ�
60ð/Þ ðR ¼10aÞ, 80ðrÞ � 30ðhÞ � 60ð/Þ ðR ¼ 20aÞ, 120ðrÞ�
30ðhÞ � 60ð/Þ ðR ¼ 90aÞ, 140ðrÞ � 20ðhÞ � 40ð/Þ ðR ¼
200aÞ, 140ðrÞ � 30ðhÞ � 60ð/Þ ðR ¼ 200aÞ, and 140ðrÞ�
40ðhÞ � 80ð/Þ ðR ¼ 200aÞ for calculating the rotation rate
and hydrodynamic stresslet of a sphere in simple shear flow.
We found that R ¼ 90a and a grid with 120ðrÞ � 30ðhÞ�
60ð/Þ nodes suffice for Re as small at 10�3. For larger parti-
cle Reynolds numbers, flows generally produce wakes that
stretch to large distances in the streamwise direction, which
will result in significant increase in the number of computing
iterations required for achieving an acceptable level of con-
vergence with increasing computing domain size,20 or even
makes the computation diverge if the computing domain size
surpasses some values. Thus, it is necessary to limit the size
of the outer boundary to avoid numerical instabilities. A
Reynolds number that measures the importance of inertia on
the length scale R is Re(R/a)2, which takes on the value
4000 when R ¼ 20a and Re ¼ 10.

In the study of mass transfer from a neutrally buoyant
sphere in simple shear flow, we assume that the physical
properties including mass diffusivity, fluid viscosity, and
density are constant and not influenced by the concentration
of solute, no solid–liquid interface resistance to mass transfer
exists and the concentration at the solid–liquid interface is
constant. Thus, the mass transfer does not affect the flow
structure and the solution of the fluid flow and advection-dif-
fusion equations is decoupled. The momentum transfer prob-
lem can be solved first and the resulting velocity field is uti-
lized to formulate the time evolution of concentration field.
In our simulation, the flow field and then the mass transfer
are computed with the same grid resolution described above.
The smallest dimensionless mesh size in the radial direction
next to the particle surface is ensured less than O(Pe�1/3),
and we have also tested the grid refinement for the calcula-
tion of mass transfer to make sure the predicted mass trans-
fer rates are independent of the mesh size. The grid resolu-
tion required for the mass transfer calculation is more strin-
gent than that required for the flow field calculation. We

AIChE Journal June 2011 Vol. 57, No. 6 Published on behalf of the AIChE DOI 10.1002/aic 1421



study situations where Pe � 1 so that the mass transfer
boundary layer near the particle is thin and requires fine grid
resolution. On the other hand, the maximum Reynolds number
considered is 10 and this does not lead to a thin momentum
boundary layer. Thus, a grid which is adequate for mass trans-
fer will also be sufficient for the flow calculation.

The main calculation steps of this algorithm are outlined
as follows: (1) initialize the flow field (u and P) with the
sphere at rest, physical parameters (density, viscosity, and
molecular diffusivity of solute), shear rate, and concentra-
tion; (2) compute the velocity, pressure, and rotation rate to
steady state based on the torque-free rotation criterion using
the SIMPLE algorithm and Newton’s method20; (3) compute
the concentration field in the fluid with the steady state flow
field, and calculate the corresponding mass transfer rates and
Nusselt numbers. Moreover, in Step 3, a fifth-order WENO
(weighted essentially nonoscillatory) scheme in spatial dis-
cretization and a third-order TVD (total variation diminish-
ing) Runge–Kutta scheme in time for the unsteady mass
transfer are adopted for the solution of the advection-diffu-
sion transport equation for sufficiently accurate results.11 The
transient calculation of mass transfer was assumed to have
reached steady state if the change in the Nusselt number dur-
ing that last 1/5 of the computational time was less than 1%.

Simple Shear Flow Around a Neutrally
Buoyant Sphere

In this section, we present results of numerical simulations
of the fluid flow around a neutrally buoyant particle in sim-
ple shear flow. We will examine the streamline pattern and
fluid velocity field making comparisons with low Reynolds
number analysis and pointing out an important change in
streamline topology occurring at a critical Reynolds number.
We also compare computational results for the rotation rate
and particle stresslet with previous experimental, numerical,
and analytical results.

A rigid force- and torque-free sphere is at the origin in a
Newtonian fluid flow that is undergoing simple shearing
motion far from the particle. The force-free condition is sat-
isfied by a particle with zero translational velocity. The flow
direction is denoted by x or 1, velocity gradient direction by
y or 2, and vorticity direction by z or 3. The velocity uðrÞ
and the pressure p(r) in the fluid are governed by the conti-
nuity and steady momentum conservation equations in
dimensionless forms:

r � u ¼ 0 (1)

u � ru ¼ �rpþ 1

Re
r2u (2)

Lengths are non-dimensionalized by the sphere radius a,
velocities by a _c, and stresses by l _c, where _c is the velocity
gradient of simple shear flow and l is the dynamic viscosity
of the fluid. The fluid velocity on the surface of the sphere
is u ¼ X� r according to the no-slip boundary condition,
where X ¼ -ez is the rotation rate of the sphere under the
condition of no hydrodynamic torque, i.e.,

T -ð Þ ¼
Z
Ap

r� r -ð Þ � nð Þ � ezdA ¼ 0 (3)

where r is the fluid stress, and n is the outward unit vector
normal to the sphere surface. We computed the torque by
integrating the contribution from the shear stress along the
surface of the sphere and used an iteration based on Newton’s
method20 to reach the torque-free rotation rate with the
criterion of Tð-Þ\10�5. To approximate the condition of
simple shear flow at infinite separation from the sphere, we
imposed the condition u ¼ u1 at a spherical outer boundary
with a large radius R that can be determined based on the
description in Section 2. The velocity field around a neutrally
buoyant sphere in simple shear flow can be obtained by
simultaneously solving Eqs. 1 and 2 subject to the boundary
conditions discussed above.

The first three terms in an expansion for the fluid velocity
field in the inner region near a neutrally buoyant sphere in a
linear shearing flow take the form:

u ¼ uð0Þ þ Reuð1Þ þ Re3=2uð2Þ (4)

Here u(0) is the well-known stresslet velocity field due to
a torque-free sphere in Stokes flow:

uð0Þ ¼ C � r� 1

r5
E � r� 5

2

1

r5
ðr � E � rÞr 1� 1

r2

� �
(5)

where C is the transpose of the velocity gradient tensor and E
is the undisturbed rate of strain. For a simple shear flow, the
strain rate and velocity gradient tensors are given by

E ¼ 1

2
½ðruÞ þ ðruÞT� ¼

0 1
2

0
1
2

0 0

0 0 0

0
@

1
A (6)

C ¼ ðruÞT ¼
0 1 0

0 0 0

0 0 0

0
@

1
A (7)

corresponding to u1 ¼ ðy; 0; 0Þ. The Stokes flow in a
spherical coordinate system (r, h, /) with the particle center
at the origin, the azimuthal angle h measured relative to the z
axis, and / measured between the projection of the position
vector into the xy-plane and the x axis is

uð0Þr ¼ 1

r
E : rr 1� 5

2

1

r3
þ 3

2

1

r5

� �

¼ r sin2 h sin/ cos/ 1� 5

2

1

r3
þ 3

2

1

r5

� �
(8)

u
ð0Þ
h ¼ Ih � C � r� Ih � E � r 1

r5
¼ Ih � E � r 1� 1

r5

� �

¼ r sin h cos h sin/ cos/ 1� 1

r5

� �
(9)

u
ð0Þ
/ ¼ I/ � C � r� I/ � E � r 1

r5

¼ �r sin h sin2 / � 1

2 r4
sin h ðcos2 /� sin2 /Þ (10)
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The first correction, Reuð1Þ, to the fluid velocity field near
the sphere due to fluid inertia can be determined using a reg-
ular perturbation analysis and was first derived by Peery.14

Subramanian and Koch1,2 explored the consequences of this
correction to the fluid velocity field on the streamline topol-
ogy and mass transfer at small but non-zero Reynolds num-
bers. The principal finding of Subramanian and Koch’s stud-
ies was that centrifugal forces led fluid particles to spiral
away from the particle in the flow-gradient plane with the
compensatory fluid flux being drawn inward from the vortic-
ity direction. The second correction, Re3=2uð2Þ, to the fluid
velocity field near the particle is required to satisfy the
matching condition between the inner and outer fluid veloc-
ity solutions. This term contributes to corrections to the par-
ticle stresslet and the mass transfer coefficient which we will
examine below. The O(Re3/2) contribution to the fluid veloc-
ity field was first determined by Lin et al.,21 but this study
apparently contained algebraic errors which were corrected
by Subramanian et al. (manuscript submitted) in their study
of the rheology of emulsions at finite Reynolds numbers.
Stone et al. (Personal communication) derived the particle
stresslet using a method which employed the generalized re-
ciprocal theorem to avoid an explicit evaluation of the inner
velocity field Re3=2uð2Þ.

Figures 1–3 illustrate the changing topology of the stream-
lines in the flow-gradient plane with increasing Reynolds
number. Figure 1 was produced using the analytical Stokes
velocity field of Eqs. 8–10, while Figures 2 and 3 were
obtained using our computational solutions for Re ¼ 1 and
8. In each case, the streamlines were produced by following
the trajectories of non-diffusing fluid phase tracers. It is well
known that, as illustrated in Figure 1, a set of closed stream-
lines surrounds a freely suspended sphere in Stokes flow and
that this set of closed streamlines extends to 	1 along the x
axis. A set of open streamlines exists for sufficiently large
values of |y|. The streamline pattern for an infinitely long

cylinder aligned with the vorticity axis at Re ¼ 0 is qualita-
tively similar.

Robertson and Acrivos23 solved numerically for the fluid
velocity field around a freely suspended cylinder in a simple
shear flow at finite Reynolds number. They found that the
region of closed streamlines had a finite extent along the x
axis. Two symmetrically placed stagnation points appeared
along the x axis and for larger values of |x|, wakes with
reversing fluid trajectories surrounded the x axis. For the
two-dimensional finite Reynolds number flow around a

Figure 1. Streamlines in the xy-plane for Re 5 0 from
Eqs. 8–10.

In this inertialess limit, streamlines surrounding the torque-
free sphere are all closed.

Figure 2. Streamlines in the xy-plane for Re 5 1 in sim-
ple shear flow.

The black trajectories depict streamlines that spiral away
from the sphere surface and then go downstream, the grey-
solid trajectories depict streamlines that pass by the sphere
and then form the wakes, and the grey-dot trajectories
depict the open streamlines that go from upstream to down-
stream without spiralling.

Figure 3. Streamlines in the xy-plane for Re 5 8 in sim-
ple shear flow.

The black trajectories depict streamlines that come from the
upstream and then spiral towards the sphere surface, the
grey-solid trajectories depict streamlines that pass by the
sphere and then form the wakes, the grey-dot trajectories
depict the open streamlines that go from upstream to down-
stream without spiraling.

AIChE Journal June 2011 Vol. 57, No. 6 Published on behalf of the AIChE DOI 10.1002/aic 1423



cylinder, the antisymmetry of the velocity field about the x
axis was preserved and no net inward or outward flux of
fluid occurred through any circular surface surrounding the
cylinder. Such a flux is prohibited by the incompressible,
two-dimensional nature of the flow.

The streamline pattern around a neutrally buoyant particle
for a moderately small Reynolds number Re ¼ 1 for a freely
suspended spherical particle in a simple shear flow is illus-
trated in Figure 2. As in the case of a cylinder, there are
wakes with reversing trajectories (grey-solid trajectories)
along the x axis in both the positive and negative directions.
However, unlike the case of the cylinder, the streamlines
near the particle are not exactly closed orbits. Instead, fluid
particles near the sphere spiral outward (black trajectories)
and eventually escape along exit channels adjacent to the
reversed wakes. At large enough y positions, the trajectories
are open. This streamline pattern is qualitatively similar to that
obtained by Subramanian and Koch1,2 using the regular pertur-
bation result for the fluid velocity field, u � uð0Þ þ Reuð1Þ at
very small Reynolds numbers. Unlike the case of two-dimen-
sional flow around a cylinder, there is a net flux of fluid
through a concentric circle around the sphere in the xy-plane,
and this flux is compensated by an inward flux along the vor-
ticity direction. As a result, fluid particles are swept past the
sphere by convective motion and a thin mass transfer boundary
layer can develop for any non-zero Reynolds number.

Above a critical Reynolds number of about 2.5, we
observed that the trajectories of fluid particles spiral toward
the sphere in the xy-plane. This behavior is illustrated in Fig-
ure 3 for Re ¼ 8. In this case, fluid particles in a channel

along side the reversing wakes enter the region near the
sphere and proceed to spiral toward the sphere (black trajec-
tories). In this case, fluid trajectories approach the sphere
along the vorticity axis and within the flow-gradient plane
and leave the surface of the sphere at an intermediate angle
h. This point will be discussed further in the context of our
boundary layer analysis in next section.

A quantitative comparison of our numerical simulations
with the fluid velocity, u � uð0Þ þ Reuð1Þ, predicted for the
inner region near the sphere, is given in Figure 4, where we
plot the radial component of the fluid velocity as a function
of radial position along the þx, þy, and þz axes for Re ¼
0.001. Since u

ð0Þ
r ¼ 0 along these axes, plotting the radial

velocity at a small value of the Reynolds number isolates
the regular perturbation u

ð1Þ
r to the fluid velocity. It is seen

that the computed fluid velocity is in good agreement with
the perturbation analysis for r less than about 4. The devia-
tion between the numerical calculation and the perturbation
analysis for larger r can be attributed to the fact that one
would eventually enter the inertial outer region for r ¼
O(Re�1/2) � 30.

Figure 5 is a comparison of our computational results for
the rotation rate - of the sphere as a function of Re with
previous numerical and experimental work. Our results are
in good agreement with the previous computational study of
Mikulencak and Morris.20 The experimental measurements
of Poe and Acrivos24 are close to the computational results
for Re � 1 but lie below the computational results for higher
Reynolds numbers. In the experiments, the sphere was held
in place by a thin wire and it is possible that the torque act-
ing on this wire contributed to this observed deviation. The
fluid flow was also found to be unsteady for Re [ 6 in the
experimental study. The transition to unsteady flow is likely
to be influenced by the outer boundary conditions.

The hydrodynamic stresslet for a rigid sphere derived by
Batchelor25 is given by

Figure 4. Velocity disturbance in the r direction u0
r.

The solid lines, from top to bottom, are u0r along þy, þz,
and þx axes. The dotted lines are based on the theoretical
solutions for the O(Re) disturbance u

ð1Þ
r . This figure indi-

cates that the finite Re characteristics of the flow, in particu-
lar, the incoming flux along x and z axes and the outgoing
flux along y axis, are correctly captured by the numerical
simulation in the inner region near the particle that controls
the mass transfer rate and the Nusselt number. Re ¼ 0.001
and the size of computational domain R=a ¼ 203. [Color
figure can be viewed in the online issue, which is available
at wileyonlinelibrary.com.]

Figure 5. Dimensionless rotation rate of a neutrally
buoyant sphere (x ¼ -= _c) as a function of
Reynolds number.

Our simulations agree with the numerical data of Mikulen-
cak and Morris20 and the experimental data of Poe and
Acrivos.24 [Color figure can be viewed in the online issue,
which is available at wileyonlinelibrary.com.]
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Sij ¼ 1

2

Z
Ap

rirjk þ rjrik
� �

nk dA (11)

is used to quantify the extra stress occurring within the particle
above that which would occur if the constitutive equation of
the fluid applied within the particle. The product of Sij with the
particle number density represents the particle viscous stress
contribution to the mean stress in a dilute suspension.
Lin et al.21 and Stone et al. (Personal communication) have
derived the stresslet for a rigid particle including terms up to
O(Re3/2) in the limit of small Reynolds number. More recently,
Subramanian et al. (manuscript submitted) derived the stresslet
for an emulsion drop. From this calculation the case of a rigid
particle can be obtained in the limit in which the drop viscosity
greatly exceeds that of the outer fluid and Subramanian et al.’s
result is given by

S ¼ 10p
3

ð1112 þ 1211Þ þ Re � 8p
9
ð1111 � 1212Þ

�

þ 43p
105

ð1111 þ 1212Þ
�
þ 50

9p
Re

3
2ð0:761111

�1:281212 þ 1:02ð1112 þ 1211Þ þ 0:521313Þ (12)

where 1, 2, and 3 correspond to the flow, velocity gradient,
and vorticity directions of the simple shear flow, respectively.
The numerical coefficients in Eq. 12 differ from those derived
by Lin et al.21 and Stone et al. (personal communication), and
we believe that these studies suffered from algebraic errors.
The stresslet contributions to the shear stress S12, first normal
stress difference S11 � S22, and second normal stress
difference S22 � S33 are plotted as functions of Re in Figure
6. Figures 6a–c give the results for Reynolds numbers as large
as 10 and show that the computations are in good agreement
with the previous computational study of Mikulencak and
Morris.20 It should also be noted that larger deviations for the
shear stress occur at some points in Figure 6a. We have found
the fact that the shear stress was more sensitive to the
computing domain size than the normal stress differences were
(Subramanian et al., submitted), so these deviations might
result from the fact that the computing domain size used by
Mikulencak and Morris is different from ours. At a very small
Reynolds number Re ¼ 10�5, our results for the particle
rotation rate -0 ¼ �0.5000 and shear stresslet S12,0 ¼ 10.39
are very close to those -0 ¼ �0.5 and S12;0 ¼ 10

3
p ¼ 10:47

predicted for Stokes flow. In Figures 6d–f, we plot the
components of the stress divided by the Reynolds number, i.e.,
�(S11 � S22)/Re, (S22 � S33)/Re, and (S12 � S12,0)/Re versus
Re1/2 to facilitate comparison with the theories (Subramanian
et al., submitted; Stone et al., Personal communication)21 for
small but non-zero Reynolds numbers. These three figures
show very good agreement with the theoretical predictions of
Subramanian et al. for the normal stresses and fair agreement
for the shear stress (manuscript submitted). For example, the
slope and intercept of the plot of �(S11 � S22)/Re against Re

1/2

obtained from our simulations for Re � 0.1 are �3.36 and
5.51, respectively, which are very close to the values �3.61
and 5.58 derived by Subramanian et al. (manuscript submitted)
and �3.34 and 5.59 derived by Stone et al. (personal
communication). The slope �1.20 derived by Lin et al.21 is

about a factor of 3 smaller than our numerical results and the
other theories. Similarly, we can obtain a slope of �3.25 and
an intercept of 4.14 by fitting our numerical (S22 � S33)/Re
against Re1/2 for Re � 0.1, which are also in good agreement
with the analytical predictions namely �3.18 and 4.08 derived
by Subramanian and Koch but deviate from the slopes derived
the slope value by Lin et al. (�1.06) and Stone et al. (�1.56).
As can been seen in Figure 6d, the fitted line for (S12 � S12,0)/
Re versus Re1/2 for the same Re � 0.1 gives a slope of 1.23,
which shows a larger difference from the value of 1.8 derived
by Subramanian and Koch and Stone et al. The computational
results for the shear stresslet also do not follow a straight line
over a range of Reynolds numbers Re1/2 \ 0.3 as is observed
for the normal stresses. We therefore postulate that one may
need to explore still smaller Reynolds numbers to obtain
quantitative agreement with the theory for the shear stress.
Such a study would be very computationally intensive in view
of the need to resolve an ever increasing outer inertial length
scale.

Mass Transfer from a Sphere at High Peclet
Numbers

Subramanian and Koch1,2 performed a boundary layer
analysis to determine the rate of mass transfer from a neu-
trally buoyant sphere in a linear shear flow in the dual limits
Re � 1 and PeRe � 1. In this section, we make use of our
numerical solutions of the Navier-Stokes equations for the
flow around a particle in simple shear flow to determine the
mass transfer coefficient for Pe � 1 and Re ¼ 0(1).
The concentration field for the mass transfer from/to a
sphere in a fluid satisfies the dimensionless advection-diffu-
sion equation:

Pe u � rCð Þ ¼ r2C (13)

with the boundary conditions:

C ¼ 1; at the surface of particle r ¼ 1 (14)

C ¼ 0; as r ! 1 (15)

where the radial coordinate r is non-dimensionalized by a. For
sufficiently large Peclet number (Pe � 1), the resistance to
mass transfer in a boundary layer near the surface of the sphere
dominates the rate of mass transfer from the sphere.

Letting k ¼ r�1 so that k is close to zero in the boundary
layer, the fluid velocity components can be expanded as
Taylor series:

ur ¼ urjk¼0þ
1

2
k2
@2ur

@k2

����
k¼0

þO k3
� �

(16)

uh ¼ uhjk¼0þk
@uh
@k

����
k¼0

þO k2
� �

(17)

u/ ¼ u/
��
k¼0

þk
@u/
@k

����
k¼0

þO k2
� �

(18)

where uhjk¼0 ¼ 0 and urjk¼0 ¼ 0 at the surface of the sphere.
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Since the k is of the order of the boundary layer thickness
at large Pe, the radial and tangential velocities are asymp-
totically smaller when compared to the azimuthal compo-

nent, i.e., ur � u/ and uh � u/. So at leading order Eq. 13
can be simplified to

Figure 6. The stresslet Sij as a function of Reynolds number.

(a) Shear component of the stresslet S12 less the Stokes contribution S12,0; (b) negative of first normal stress difference �ðS11 � S22Þ; (c)
second normal stress difference S22 � S33; (d) ðS12 � S12;0Þ=Re as a function of Re1/2; (e) �ðS11 � S22Þ=Re as a function of Re1/2; (f)
ðS22 � S33Þ=Re as a function of Re1/2. Our data agree with Mikulencak and Morris20 well and are in good agreement with the theoretical
predictions by Subramanian et al. (manuscript submitted) for Re\ 0.1. [Color figure can be viewed in the online issue, which is available
at wileyonlinelibrary.com.]
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@C

@/
¼ 0 (19)

To a first approximation, the azimuthal dependence of the
concentration field may be neglected near the sphere surface.
We have

C r; h;/ð Þ ¼ Cð0Þ r; hð Þ þ f Peð ÞCð1Þ r; h;/ð Þ (20)

and f(Pe) � 1. Equation 13 is therefore written as

1

2
k2

@2ur

@k2

����
k¼0

� �
@C 0ð Þ

@r
þ 1

r
k

@uh
@k

����
k¼0

� �
@C 0ð Þ

@h

þ f Peð Þ 1

r sin h
k

@u/
@k

����
k¼0

� �
@C 1ð Þ

@/
¼ 1

Pe
r2C 0ð Þ (21)

An equation for the leading order concentration field C(0),
which is independent of / can be obtained by integrating
the mass conservation Eq. 21 over the azimuthal coordinate
/ ¼ (0, 2p) to obtain

g2 �h1 hð Þ @C
0ð Þ

@g
þ g�h2 hð Þ @C

0ð Þ

@h
¼ @2C 0ð Þ

@g2
(22)

where g ¼ k Pe1/3,

�h1 hð Þ ¼ 1

2p

Z 2p

0

1

2

@2ur

@k2

����
k¼0

� �
d/ (23)

is the azimuthal average of half the second derivative of the
radial velocity and

�h2 hð Þ ¼ 1

2p

Z 2p

0

@uh
@k

����
k¼0

� �
d/ (24)

is the azimuthal average of the surface gradient of uh. From
continuity, we find

�h1 hð Þ ¼ � 1

2

1

sin h
d

dh
�h2 hð Þ sin hð Þ (25)

The leading order fluid velocity near the sphere is a solid
body rotation. However, this motion yields no net transport
of mass across the boundary layer. Upon averaging over /,
the convective velocity in the mass conservation Eq. 22 con-
sists of radial inward and outward flows and a shearing flow
in the h direction that sweeps the fluid across the boundary
layer. The value of the azimuthal average of @uh=@r, i.e.,
h2(h) defined in Eq. 24, indicates the direction of the fluid
flux along the sphere. A positive value of h2(h) indicates
that fluid in the boundary layer is being convected from the
z axis toward the xy-plane, whereas a negative value of h2(h)
indicates that fluid is being convected toward the z axis. As
illustrated in Figure 7, h2(h) is positive for all 0 � h � p=2
for Re ¼ 0.1 and 1 indicating that fluid is convected from
the vorticity axis to the flow gradient plane and a wake
forms as fluid is convected away from the sphere at the

flow-gradient plane. We find that this trend occurs up to a
critical Reynolds number of about 2.5. At higher Reynolds
numbers, the sign of h2(h) changes at an intermediate angle
between h ¼ 0 and h ¼ p/2. At these higher Reynolds num-
bers, fluid moves toward the sphere at the vorticity axis and
at the flow-gradient plane and migrates toward the intermedi-
ate angle, where h2(h) changes sign and it is at this angle
that a wake forms. The angle at which the wake appears
decreases with increasing Reynolds number.

Following a procedure similar to that in previous
works,1,2,4 the advection-diffusion equation can be trans-
formed to

d2C 0ð Þ

ds2
þ 3s2

dC 0ð Þ

ds
¼ 0 (26)

�h1g
3 þ �h2g

2 1� n2
� �0:5dg

dn
¼ �3 (27)

where s ¼ g=gðnÞ is a rescaled radial coordinate, g is the
scaled boundary layer thickness, and n ¼ cos h. The solution
of Eq. 26 that satisfies the concentration boundary conditions
on the sphere and at large radial distances from the sphere is

C 0ð Þ sð Þ ¼ 1

Cð4
3
Þ
Z 1

s

e�s03ds0 (28)

The Eq. 27 for the boundary layer thickness must be inte-
grated in the negative n direction when h2(h) [ 0 and in the
positive n direction when h2(h) \ 0. Applying the condition
that the boundary layer thickness is finite at the point h ¼ 0
for h2(h)[ 0 and h ¼ p/2 for h2(h)\ 0, we obtain

Figure 7. Azimuthally (/) averaged ›uh=›r near the
sphere surface namely h2(h) defined in Eq. 24
as a function of polar angle (h) for different
Reynolds numbers.

h2(h) is always larger than zero at Re ¼ 0.1 and 1, but neg-
ative value appears near h ¼ p=2 when Re reaches 3. The
range of h at which h2(h) is negative enlarges with increas-
ing Re as shown by the results at Re ¼ 5 and Re ¼ 10.
[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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gðnÞ¼ 9
1
3

�h2ðnÞsinhð Þ0:5
Z 1

n

�h2ðtÞsinhð Þ0:5dt
� �1

3

for �h2ðtÞ>0

gðnÞ¼ 9
1
3

��h2ðnÞsinhð Þ0:5
Z n

0

��h2ðtÞsinhð Þ0:5dt
� �1

3

for �h2ðtÞ\0

(29)

Thus, the dimensionless mass transfer rate is finally given by

Nu ¼ 1

4p

Z h¼p

h¼0

Z /¼2p

/¼0

� @ C

@ k

����
k¼0

� �
r2 sin h dh d/

¼ Pe
1
3

1

Cð4
3
Þ
Z 1

0

1

gðnÞ dn (30)

where C is the gamma function.
In the previous studies,1,2 Subramanian and Koch used the

analytical solution of Peery14 for u(1) and that of Lin et al.21

for u(2) to determine h2(h) in Eq. 24 in the limit of small
Reynolds number and thereby derive the mass transfer coef-
ficient as Nu ¼ ð0:325� 0:0414Re1=2ÞðRePeÞ1=3 þ Oð1Þ.
More recently, Subramanian et al. (manuscript submitted)
found algebraic errors in Lin et al’s determination of u(2)

leading to the conclusion that h2(h) has the same functional
form of h as that given by Lin et al but with a numerical
coefficient that is a factor of 3.04 larger. Using this new pre-
diction for h2(h) yields the prediction Nu ¼ ð0:325�
0:126Re1=2Þ ðRe PeÞ1=3 þ Oð1Þ for Re � 1 and Pe Re � 1.
In the present study, we have to use the numerical solution
for the velocity at finite Reynolds number to calculate h2(h),
g(n), and Nu by numerical integration. The resulting Nusselt
number as a function of Re for simple shear flow is shown
in Figure 8. Figure 8a is a linear-linear plot of Nu/Pe1/3 ver-
sus Re that emphasizes the behavior of the mass transfer
coefficient at finite Reynolds numbers. Figure 8b is a plot of
Nu/(RePe)1/3 as a function of Re1/2, a form which facilitates
comparison with the low Reynolds number analysis since the
analytical prediction is a straight line on this graph. The
present finite Reynolds number boundary layer analysis is in
good agreement with the low Reynolds number analysis for
Re \ 1. At higher Reynolds numbers, the finite Reynolds
number theory diverges from the small Reynolds number
analysis and yields a Nusselt number that continues to grow
gradually with increasing Reynolds number.

Mass Transfer from a Sphere at Finite Pe

As we cannot obtain an analytical prediction for the mass/
heat transfer rates at finite Peclet numbers, numerical simula-
tions of the mass transfer from a neutrally buoyant sphere in
simple shear flow is presented in this section. The unsteady
mass transfer at finite Pe is governed by the general advec-
tion-diffusion equation:

@C

@t
þ Pe u � rCð Þ ¼ r2 C (31)

with the same boundary conditions as in Eqs. 14 and 15, where
t is the dimensionless mass transfer time.

The present code described in Section 2 is verified addi-
tionally for the mass transfer from a freely rotating neutrally
buoyant sphere with zero sphere velocity in simple shear
flow and particle Reynolds number Re approximately zero.
Acrivos3 derived the analytical asymptotic Nu for simple
shear flow past a sphere at infinite Pe and zero Re, i.e., Nu
� 4.5. The Nusselt number approaches a finite value in the
limit of high Peclet number in this case, because the chemi-
cal tracer must diffuse across the region of closed stream-
lines seen in Figure 1a. Because of the recirculating stream-
lines, there is no thin boundary layer formed in this limit.
To calculate the mass transfer at Re ¼ 0, we can either use
the analytical velocity (Eqs. 8–10) or compute the fluid
velocities in (r, h, /) by setting the shear rate close to zero
or specifying the viscosity of the fluid as being large enough
to make Re very small. Computational results for the Nusselt
number determined using the analytical velocity field are
presented as a function of Peclet number in Figure 9a for

Figure 8. Scaled Nusselt number Nu=Pe1=3 as a func-
tion of Re (a) and Nu=ðRe PeÞ1=3 as a function
of Re1/2 (b).

Our simulation data agree well with the theoretical predic-
tions of Subramanian and Koch until Re reaches about 1.
The fit line of Nu=ðRePeÞ1=3 against Re1/2 with our simula-
tion data for Re � 0:5 gives a slope of �0.122 and an inter-
cept of 0.317, which are quite close to the theoretical predic-
tions of �0.126 and 0.325. [Color figure can be viewed in the
online issue, which is available at wileyonlinelibrary.com.]
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two computational grids, a coarser grid with 100(r) � 20(h)
� 40(/) and a finer grid with 135(r) � 40(h) � 60(/). It
can be seen that the Nusselt number rises rapidly from the
value 1 for pure diffusion and reaches a value of about 4 at
a Peclet number of about 2000. Thereafter, the Nusselt num-
ber rises more slowly and appears to approach a value close
to the theoretical prediction of 4.5 when Pe � 10,000.

The analysis of Acrivos3 indicates that, to leading order
for large Peclet number, the concentration field is a constant
along each of the closed streamlines. The values of these
constants are determined based on a balance of the diffusive
flux acting perpendicular to the streamlines. One might
expect that the first correction to the concentration field
determined by Acrivos would be a regular perturbation giv-
ing the effects of diffusion parallel to the streamlines. This
would yield an O(1/Pe) correction to the concentration field
and thereby the Nusselt number. On this basis, we might
expect the relationship between Nusselt number and Peclet
number at Re ¼ 0 to take the form Nu ¼ k0 þ k1=Pe. Figure
9b shows that this form gives a good fit to the numerical
simulation data for Pe [ 5000. The intercept k0 obtained in
this way is 4.65 for the coarser and 4.53 for the finer grid.

This indicates that the computation of the concentration field
is well resolved and is in good agreement with Acrivos’ ana-
lytical prediction Nu ¼ 4.5 as Pe ! 1.

The good agreement with Acrivos’ theory confirms the ac-
curacy of our numerical method, and we now turn to apply
this method to determine the rate of mass transfer from a
neutrally buoyant sphere in simple shear flow at finite Reyn-
olds and Peclet numbers. We will examine the dependence
of the Nusselt number on Pe and Re, plot contours of the
concentration field, and examine aspects of the concentration
field near the particle that elucidate the comparison of the fi-
nite Peclet number mass transfer to the Pe � 1 boundary
layer theory.

As shown in Figure 10, the numerical Nusselt number for
the mass transfer at the finite value Re ¼ 0.3 increases
monotonically with increasing Peclet number. For a Peclet
number of 10,000, the Nusselt number already exceeds the
value 4.5 predicted for Re ¼ 0 and Pe ! 1. This confirms
Subramanian and Koch’s1,2 assertion that breaking of the
symmetry of the streamlines by fluid inertia enhances mass
transfer. The effect of grid resolution may also be observed
from Figure 10: the numerical results obtained with a coarser
grid of 80(r) � 20(h) � 40(/) and a finer grid of 106(r) �
40(h) � 60(/) agree with each other for Pe up to 20,000,
with relative errors less than 5.5%. However, the difference
becomes significant when Pe exceeds 20,000. This suggests
that the two grids used in our study are sufficient only for
Pe \ 20,000. It would be ideal to use a more refined grid to
solve the mass transfer at even higher Peclet numbers. How-
ever, due to the much longer computing time required, we
limited ourselves to cases with Pe less than 20,000 in this
study.

The Nusselt number for mass/heat transport is often corre-
lated with the Schmidt number Sc ¼ Pe=Re ¼ m=D, since
this dimensionless number remains constant in a series of
experiments using the same fluid-tracer system.4 Figure 11 is
a plot of the Nusselt number versus Reynolds number for
two finite values of the Schmidt number (Sc ¼ 300 and
10,000). The Nusselt number grows rapidly with increasing
Reynolds number and grows fastest at the larger value of Sc

Figure 9. Nusselt number representing mass transfer
from a neutrally buoyant sphere in simple
shear flow as a function of Peclet number.

The flow field is based on the analytical solution (Eqs. 8–
10) for Stokes flow (Re ¼ 0). Comparison between the
results obtained using different grids of 100(r) � 20(h) �
40(/) with Dr ¼ 0.005a near the surface and 135(r) � 40(h)
� 60(/) with Dr ¼ 0.00125a near the surface shows the
effect of grid resolution. [Color figure can be viewed in the
online issue, which is available at wileyonlinelibrary.com.]

Figure 10. Scaled Nusselt number Nu as a function of
Pe for Re 5 0.3.

Comparison between results obtained using different grids
of 80(r) � 20(h) � 40(/) with Dr ¼ 0.01a near the sur-
face and 106(r) � 40(h) � 60(/) with Dr ¼ 0.0025a near
the surface shows the effect of grid resolution. [Color fig-
ure can be viewed in the online issue, which is available
at wileyonlinelibrary.com.]
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since in this case the Peclet number is larger for a given
value of Re.

At Sc ¼ 1, i.e., very small Re such as in Figure 9, Acri-
vos3 showed that the Nusselt number for a small sphere
freely rotating in simple shear flow grows from 1.0 at Pe ¼
0 and then approaches a constant of about 4.5 as Pe ! 1.
Thus, it would be interesting to look at Nu as a function of
Pe at fixed finite Sc. As shown in Figure 12, the Nusselt
number at finite Sc does not approach a constant as Pe !
1 but rather continues to grow without bound. The curves
for different Schmidt numbers coincide with one another if
the Reynolds number is smaller than about 0.1 (corresponding
to Pe ¼ 30 in the case of Sc ¼ 300). At larger Pe and Re,
the curves diverge and it can be seen that around Re ¼ 1
(marked by the þ sign) the Nusselt number begins to grow
rapidly with increasing Peclet number. These observations are
consistent with Subramanian and Koch’s1,2 mechanism of
enhanced mass transfer due to inertially induced changes in
streamline topology.

Figure 13 shows concentration profiles around a neutrally
buoyant sphere in simple shear flow at different Schmidt
numbers and Re (or Pe). From these figures, one can observe
that the distortion of the concentration contour lines develops
gradually with increasing Re to form a series of closed con-
tours. As shown in Figures 1–3, the patterns of streamlines
become more complicated with increasing Reynolds number,
with spiraling streamlines and formation of stagnation points.
Figure 13a is a plot of the concentration profiles for Re ¼ 0
and Pe ¼ 9000. The isoconcentration surfaces in this case
have a similar shape to the closed streamlines in Figure 1,
confirming the central premise of Acrivos’3 asymptotic anal-
ysis that the concentration is nearly constant along a closed
streamline at high Peclet number. The isoconcentration
surfaces in Figures 13b, c at Re ¼ 0.01 and Re ¼ 1 show
that inertia breaks the symmetry of the concentration field

just as it breaks the symmetry of the velocity field in Figure
2. As compared in Figures 13c–e at fixed Re ¼ 1, with
increasing Schmidt numbers, the concentration contour lines
become more and more distorted and concentration wakes
extend away from the sphere in þx and �x directions, as the
mass transfer process is gradually dominated by convection
with increasing Pe. The larger the value of Re, Pe, or Sc,
the more severely distorted the concentration contours. The
mass comes from the neutrally buoyant sphere in simple
shear flow and spirals out a certain distance and then escapes
in one of the channels where it can be convected down-
stream. As shown in Figures 13c, d, the reverse wake on the
right side of the particle is tilted downward, and the higher
concentration contours on the right are tilted upward. This
suggests that the mass is being convected into channels that
lie in the extensional quadrant above the reverse wake as
suggested by Subramanian and Koch.2

In the previous section, we presented a boundary layer
theory for mass transfer for Pe � 1 and finite Re. We
showed that this theory was consistent with the previous
work of Subramanian et al. (manuscript submitted)1,2 for Re
� 1. We will now examine some of the assumptions that
underlie the theory using results from the numerical simula-
tions examining the behavior for Re ¼ 0.3. The boundary
layer theory indicates that the variation of the concentration
in the boundary layer is approximately independent of / at a
given value of h. In Figure 14a, we plot the concentration
gradient dc/dr at the particle surface as a function of / for h
¼ 0.67. It is seen that the variation of dc/dr with respect to
/ becomes weaker as the Peclet number is increased from
5000 to 10,000 and 20,000 and is negligible for Pe [
10,000. This justifies the use of the /-averaged mass conser-
vation equation and the /-averaged concentration field. In
Figure 14b, we compare the /-averaged concentration gradi-
ent at the surface scaled with the boundary layer thickness,
i.e., ð�dc=drÞ=Pe1=3 for Pe ¼ 5000, 10,000, and 20,000

Figure 11. Nusselt number Nu as a function of Reyn-
olds number Re and Schmidt number Sc for
a neutrally buoyant, force- and torque-free
sphere embedded in a simple shear flow.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 12. Nusselt number Nu as a function of Peclet
number Pe and Schmidt number Sc for a
neutrally buoyant, force- and torque-free
sphere embedded in a simple shear flow.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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with the boundary layer predictions for Pe � 1, i.e.,
1=Cð4

3
Þ=gðnÞ. The numerical simulation results are in good

agreement with the boundary layer theory for h \ 0.7, 0.9,
and 1.1 at Pe ¼ 5000, 10,000, and 20,000. With regard to

the deviation for the first point at very small h, it is likely
due to the limited numerical accuracy of g(n) at small h.
Considering the calculating formula of h2(n) namely Eq. 24,
the value of h2(n) would approach zero when h tends toward

Figure 13. Contour of solute concentration (C) obtained using a grid of 75ðrÞ340ðhÞ340ð/Þ with Dr 5 0.005a
around a neutrally buoyant, force- and torque-free sphere embedded in a simple shear flow: (a) Re 5 0,
Pe 5 9000; (b) Re 5 0.01, Pe 5 100, yielding Sc 5 10,000; (c) Re 5 1, Pe 5 10,000, yielding Sc 5 10,000;
(d) Re 5 1, Pe 5 3000, yielding Sc 5 3000; (e) Re 5 1, Pe 5 300, yielding Sc 5 300.

In these figures, different types of lines are used to describe the variation of concentration in the radial direction: the difference of
dimensionless concentration between two adjacent solid, dashed and dotted lines is 0.05, 0.01, and 0.001, respectively. These figures
show as Re increases, the concentration contours become more and more distorted, and increasing Pe, on the other hand, increases the
concentration gradient and decreases the thickness of the mass transfer boundary layer.
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zero since @ uh=@ k is indeed zero at z axis (h ¼ 0). When
we calculated the value of g(n) at the grid node closest to h
¼ 0, however, we had to do an interpolation between two
very small values of h2(n) at this node and an adjacent node
to get a numerical approximation of the integral in Eq. 29,
which led to a greater numerical error than elsewhere. In
principle, increasing the number of grid nodes should reduce
the numerical error; however to keep the computational time
reasonable, we chose not to increase it any further. At angu-
lar positions closer to the flow-gradient plane, the finite Pe
concentration gradient levels off, while the boundary layer
theory predicts an ever decreasing concentration gradient. It
is expected that a wake will form near the flow-gradient
plane in which angular diffusion, which is neglected in the
boundary layer analysis, becomes important. The angular
extent of this wake should become asymptotically small as
Pe ! 1. The wake seen in the numerical simulations is
indeed becoming smaller with increasing Peclet number, but
apparently a Peclet number of 20,000 is not yet large enough
to make the portion of the sphere covered by the wake negli-
gible. Thus, although the Nusselt number at finite Re is seen
to grow indefinitely with increasing Pe in qualitative agree-
ment with the boundary layer prediction, Pe ¼ 20,000 is not

sufficiently large to obtain quantitative agreement between
the asymptotic theory and the numerical simulations.

Conclusions

The flow field and mass transfer from a neutrally buoyant
sphere in simple shear flow are numerically simulated in this
work. We extend Subramanian and Koch’s boundary layer
analysis for Re � 1 and Pe Re � 1 to Re ¼ O(1) and finite
Peclet number. A finite difference method with the control
volume formulation and SIMPLE algorithm is adopted to
solve the shear flow at finite Reynolds numbers. A fifth-
order WENO scheme in spatial discretization and a third-
order TVD Runge–Kutta scheme in time are applied for the
solution of the advective-diffusion mass transport equation.

The predicted rotation rate of the sphere and the hydrody-
namic stresslet agree with the simulated results by Mikulen-
cak and Morris at finite Re and the analytical predictions at
small Re. At zero Reynolds number, a set of closed stream-
lines envelops the particle. At small, finite Reynolds num-
bers, we find that the streamlines in the flow-gradient plane
spiral away from the particle as predicted by Subramanian
and Koch.1,2 However, above a critical Reynolds number of
about 2.5, streamlines in the flow gradient plane spiral to-
ward the particle. At these larger Reynolds number, the fluid
flux in the boundary layer adjacent to the particle goes from
the flow-gradient plane and from the vorticity axis toward an
intermediate angular position where the fluid moves away
from the sphere forming a wake.

A boundary layer analysis coupled with numerical simula-
tion is used to compute the mass transfer from a neutrally
buoyant sphere at sufficiently large Pe and Re ¼ O(1). For
Re � 1, the numerical results agree very well with
Nu ¼ ð0:325� 0:126Re1=2Þ ðRePeÞ1=3 þ Oð1Þ derived by
Subramanian and Koch at Re � 1 and Pe Re � 1. At Re[
1, the predicted Nusselt numbers begin to deviate from the
low Reynolds number theory. It is found that Nu continues
to increase with increasing Reynolds number up to Re ¼ 10,
the maximum Re studied in this work.

We also obtained the Nusselt numbers for mass transfer
from a neutrally buoyant sphere at finite Pe and finite Re
using direct, finite-difference solution of the flow and advec-
tion-diffusion equations. The predicted Nu at Re ¼ 0
increases with increasing Peclet number eventually
approaching an asymptote of about 4.5 in agreement with
Acrivos’s3 asymptotic analysis. At finite Re, the Nusselt
number for the mass/heat transfer continues to increase with
increasing Peclet number without approaching a constant
value as is expected in view of the convective transport
away from the sphere surface due to the broken symmetry of
the streamlines. An examination of the dependence of the
Nusselt number on the Peclet number for fluids with various
Schmidt numbers indicates that the Nu(Pe) relationship
remains independent of Sc as long as Re ¼ Pe/Sc is less
than about 0.1. As the Reynolds number becomes O(1) or
larger, the curves for fluids with larger Sc diverge showing a
rapid increase of Nu with increasing Re. These results indi-
cate that fluid inertia leads to enhanced mass transport with
a trend that is in qualitative agreement with the predictions
of Subramanian and Koch.2 Simulations with finite Pe indi-
cate that a very large Peclet number is required before the

Figure 14. Variation of the concentration gradient dc/dr
on sphere surface in the azimuthal (/) direc-
tion at a fixed polar angle h ¼ 0:67 (a) and
variation of the azimuthally averaged con-
centration gradient ð�dC=drÞ=Pe1=3 on the
sphere surface in the polar (h) directions (b)
for the case of Re 5 0.3.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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wake near the flow-gradient plane becomes small enough to
make the boundary layer predictions for the Nusselt number
quantitatively accurate. Resolving the concentration field at
these very large Peclet numbers numerically would be very
computationally intensive.

In future work, we will extend this simulation and bound-
ary layer analysis to the mass transfer from/to a neutrally
buoyant spherical drop in simple shear flow at finite Pe and
finite Re. The effect of natural convection with gravity along
the vorticity axis, which might be due to the density differ-
ence caused by the concentration difference between the so-
lution in equilibrium with the sphere and the solution at in-
finity, on the mass/heat transfer rate will also be considered.
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